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Abstract. We prove a localization formula in equivariant alge- 
braic iif-theory for an arbitrary complex algebraic group acting 
with finite stabilizer on a smooth algebraic space. This extends to 
non-diagonalizable groups the localization formulas of HA. Nielsen 
|Niej and R. Thomason |Tho5j 

As an application we give a Riemann-Roch formula for quotients 
of smooth algebraic spaces by proper group actions. This formula 
extends previous work of B. Toen [Toe) and the authors [EG3 . 
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1. Introduction 

Equivariant i^-theory was developed in the late 1960's by Atiyah and 
Segal as a tool for the proof of the index theorem for elliptic operators 
invariant under the action of a compact Lie group. In the late 1980's 
and early 1990's Thomason constructed an algebraic equivariant K- 
theory modeled on Quillen's earlier construction of higher i^-theory 
for schemes. 

In both the topological and algebraic contexts equivariant i^-theory 
is studied using its structure as a module for the representation ring of 
the group G. The fundamental theorem of equivariant i^-theory is the 
localization theorem for actions of diagonalizable groups. We describe 
a version of this theorem in the complex algebraic setting. Let R(G) be 
the representation ring of G tensored with C. If X is a G-space we let 
G(G, X) be the equivariant i^-groups of the category of G-equivariant 
coherent sheaves, also tensored with C. If G is diagonalizable and 
h G G, let i : X h — > X be the inclusion of the fixed locus of h. Let 
m-h C R(G) denote the maximal ideal of representations whose virtual 
characters vanish at h. The localization theorem states that the natural 
map 

t* : G(G, X h ) mh — > G(G, X) mh , 

is an isomorphism. Much of the power of this theorem comes from the 
fact that if X is regular, then so is X h , and the localization isomorphism 
has an explicit inverse, arising from the self-intersection formula for 
the regular embedding X h — > X: If a G G(G, X) mh is an element of 
localized equivariant i^-theory then 

(1) Q=i *Gdm>- 

Here N* is the conormal bundle to t, and A_i(iV*) is defined to be the el- 
ement in .fT-theory corresponding to the formal sum J^jf ' (— l) l A l (N*) 

The formula of Equation (JTJ) is extremely useful because it reduces 
global calculations to those on the fixed locus. It has been applied in 
a wide range of contexts. For example, the localization theorem on 
the flag variety G/B can be used to give a proof of the Weyl char- 
acter formula. In lX!-3 we used the localization theorem to prove a 
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Kawasaki- Riemann-Roch formula for quotients by diagonalizable group 
actions (similar ideas had been introduced earlier by Atiyah |Atij ) . 

If we try to generalize Equation to the nonabelian case we im- 
mediately run into the problem that X h is not in general G-invariant. 
However, the locus Xq, = GX h is G- invariant; it is the closure of the 
union of the fixed point loci of elements in the conjugacy class ^ of h. 
Let C R(G) denote the maximal ideal of representations whose vir- 
tual characters vanish on and let i : Xq, — > X denote the inclusion. 
Then i*: G(G, Xq,) m9 — > G(G,X) m ^ is an isomorphism (see Theorem 
13.31 this is a variant of a result of Thomason Tho- - ) , adapting a result 
of Segal Seg2| from topological i^-theory) . Unfortunately, as Thoma- 



son observed Tho4j . Xq, can be singular even when X is smooth, so 



the self-intersection formula does not apply. To obtain a nonabelian 
version of Equation (JTJ) new ideas are needed. 

Although X h is not G-invariant, it is Z-invariant, where Z = Zq{K) 
is the centralizer in G of h. In jV Vj Vezzosi and Vistoli proved that if G 
acts on X with finite stabilizers then there is an isomorphism between a 
localization of G(Z, X h ) and a localization of G(G, X). (Note that their 
theorem holds in arbitrary characteristic.) In this paper we work with 
the added hypothesis that the projection / from the global stabilizer 
Sx = {{g, x)\gx = x} to X is a finite morphism. Our main result states 
that there is a natural pushforward u : G(Z, X h ) — > G(G, X), such that 
when X is smooth, the following formula holds for a G G(G, X) m ^: 



(2) a 



A-i((fl/3)*) H (t-a) h 
A-i(A?) 



Here i l is the composition of the restriction map G(G,X) — > G(Z,X) 

with the pullback G(Z,X) G(Z, X h ); (L'a)h is the image of i l a in 
G(Z, X h ) mh , and q, 3 are the Lie algebras of G and Z respectively. 

To prove this result, we use an equivalent formulation involving the 
global stabilizer. Let S^, C Sx be the closed subspace of pairs (g,x) 
with j 6 $. The finite map / : S-g, — > X has image Xy, but unlike 
Xq,, the space Sq, is regular (if X is). There is a natural identifi- 
cation of G(G, Sq,) with G(Z, X h ), and the map L\ is identified with 
the pushforward /* in G-equivariant X-theory. Moreover, the natu- 
ral map / : Sq, — > X is a local complete intersection morphism, so it 
has a normal bundle Nf. There is a distinguished "central summand" 
G(G, Sq,) C y of G(G,Sq,)] if (3 G G(G,Sq,), we let j3 C9 denote the com- 
ponent of j3 in the central summand. Equation (J2J) is equivalent to the 
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statement that if a G G(G, X) m9 , then 



f ( 



) 



This formula looks similar to the formula that would hold if / were 
a regular embedding (the only change would be to replace (f*a) C9 
by f*a). However, that formula is not correct, and indeed, the main 
difficulty in proving (j^J) is that / is not a regular embedding, so we 
cannot apply the self-intersection formula. The proof given here is 
less direct; we first prove the result when G is a product of general 
linear groups, and then use a change of groups argument to deduce the 
general case. 

The main application of Equations (0) and (J3J) is to give refined for- 
mulas for the Todd classes of sheaves of invariant sections on quotients 
of smooth algebraic spaces. If X is a smooth, separated, algebraic space 
and G is an algebraic group acting properly (and thus with finite sta- 
bilizer) then the theorem of Keel and Mori |KMj implies that there is 
a (possibly singular) geometric quotient Y = X/G. For such quotients 
there is a map in i^-theory -kq: G(G,X) — > G(Y) induced by the ex- 
act functor which takes a G-equivariant coherent sheaf to its subsheaf 
of invariant sections (Lemma 16 .2p . Let Ty\ Gq(G,X) — > A*(Y) be the 
Riemann-Roch map defined by Baum, Fulton, MacPherson B FM|lFuI] . 
If a G Gq(G, X) then we obtain explicit expressions (Theorems 16.71 
and 16. 8|) for t y (7Tg( Q! *)) i n terms of the restriction of a to a class in 
Go(Z,X h ) where h G \I/ is any element. If we sum over all conjugacy 
classes \I> we obtain formulas for ry(7r G (a)). When the quotient is 
quasi-projective our formulas for Ty(7r G (a)) can be deduced from the 
Riemann-Roch formula for stacks due to B. Toen |Toej . Our method 
of proof is quite different, and makes no essential use of stacks. 

The proof of our Riemann-Roch theorem is essentially the same as 
the proof for diagonalizable G given in |EG3j . with the nonabelian 
localization theorem of this paper in place of the localization theorem 
for diagonalizable groups. A key element of the proof in |EG3| was the 
fact that, if G is diagonalizable, X h is G-invariant and we may define 
an /i-action on Gq(G, X h ) which we called "twisting by h v . Intuitively, 
this twist comes from the /i-action on the sections of any G-equivariant 
coherent sheaf on X h . In the nonabelian setting one can still twist by 
a central element, so there is an action of h on Gq(Z, X h ). This can 
be viewed as a twist of G(G,S^), which intuitively comes from the 
tautological action of the element g on the fiber at (g,x) of any G- 
equivariant vector bundle on Sy. Versions of this twist and the global 
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stabilizer appear in the Riemann-Roch theorems of Kawasaki and Toen, 
and motivated our approach to the localization theorem and Riemann- 
Roch theorem. Interestingly, in the Riemann-Roch formula obtained 
from ©, one might expect a term involving (f*ct) c ^,. However, we 
prove that the contributions from (f*a) C9 and f*a are equal, so our 
formula does not mention the central summand. 

In this paper we work over C and tensor all i^-groups with C. The 
reason we do this is so that we can identify the representation ring R(G) 
with class functions on G; this idea, which goes back to Atiyah and 
Segal, allows us to directly relate G-equivariant i^-theory to conjugacy 
classes in G. By working over C we hope that the geometric techniques 
used to prove our main results are not obscured by technical details. 

Nevertheless, we believe that versions of the nonabelian localiza- 
tion and Riemann-Roch theorems should hold over an arbitrary al- 
gebraically closed field provided we assume that all stabilizer groups 
are reduced. In this situation, instead of localizing at maximal ideals 
G R(G) <S> C where h G G has finite order, we may localize at the 
multiplicatively closed set S# defined on p. 10 of |V Vj . where H is the 
cyclic group generated by h. In a different direction, there should be 
topological versions of these results for actions of compact Lie groups. 
This will be pursued elsewhere. 

We would like to thank Michel Brion for pointing out an error in 
an earlier version of the paper. We are also grateful to the referee for 
several helpful suggestions. 

1.1. Conventions and notation. We work entirely over the ground 
field of complex numbers C. All algebraic spaces are assumed to be of 
finite type over C. For a reference on the theory of algebraic spaces, 
see the book |Knuj . All algebraic groups are assumed to be linear. A 
basic reference for the theory of algebraic groups is Borel's book [BorJ. 

If G is an algebraic group then 2(G) denotes the center of G. If 
h G G is any element then Zc{h) denotes the centralizer of h in G. 
The conjugacy class of h in G is denoted Cc(h). The map G — > Cc(h), 
g i— > ghg^ 1 identifies Ca(h) with the homogeneous space Gj Za(h). 

If G is an algebraic group then R(G) denotes the representation ring 
of G tensored with C. 

1.1.1. Group actions. Let G be an algebraic group acting on an alge- 
braic space X. We consider three related conditions on group actions, 
(i) We say that G acts properly if the map 

G x X — > X x X, (g, x) t—> (x, gx) 

is proper. 
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Let GxI^XxXbe the map we just denned and let X — > X x X 
be the diagonal. Then Sx = G x I x JxJ I is called the global 
stabilizer. As a set, Sx = {(g,x)\gx = x}. 

(ii) We say that G acts with finite stabilizer if the projection Sx — > X 
is a finite morphism. 

(iii) We say that G acts with finite stabilizers if the projection Sx —* 
X is quasi-finite; i.e. for every point x G X the isotropy group G x is 
finite. 

Since G is affine, the map GxX->XxJis finite if it is proper. It 
follows that any proper action has finite stabilizer. If G acts properly 
on X, then the diagonal morphism of X factors as the composition of 

(e.l x ) 

two proper maps X — > G x X — > X x X. This implies that the 
diagonal is a closed embedding, so X is automatically separated. 

2. Groups, representation rings, and conjugacy classes 

This section collects a number of facts about algebraic groups, rep- 
resentation rings, and conjugacy classes which are used in the proof 
of the localization theorem. We have included proofs of some results 
that are essentially known but are difficult to find in the literature for 
groups that are not connected or semisimple. 

2.1. The representation ring and class functions. Let G be an 

algebraic group over C. The group G is called reductive if the radical 
of its identity component G is a torus. Any reductive algebraic group 
is the complexification of a maximal compact subgroup |UV| Theorem 
8, p. 244]. (This result can be deduced from the corresponding result 
for connected groups, using facts about maximal compact subgroups 
of Lie groups with finitely many connected components |Hoc| Theorem 
XV. 3.1].) By the unipotent radical of G we mean the unipotent radical 
of the identity component of G; this is a normal subgroup of G, and G 
modulo its unipotent radical is reductive. Any complex algebraic group 
G has a Levi subgroup L. This means G is the semidirect product of 
L and the unipotent radical of G ( |UV[ Chapter 6, Theorem 4]); L is 
necessarily reductive. 

For a general algebraic group G, let G denote the set of isomorphism 
classes of irreducible (finite-dimensional) algebraic representations of 
G. Let C[G] denote the coordinate ring of G, and C[G] G the ring 
of class functions, i.e., the functions on G which are invariant under 
conjugation. There is a map R(G) — > C[G] G which takes [V] to xv, 
where V is a representation of G and xv hs character. 
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Let V be a representation of G, and let V* denote the dual repre- 
sentation. There is a map 

(4) V* <g> V -> C[G] 
taking A <8> f to the function A/t> defined by 

X/v(x) = X(xv) 

for x G C7. This map is C7 x C7-equivariant, where GxG acts on 7*®y 
via the G-action on each factor, and G x G acts on functions by 

((91,92) ■ f)(x) = f(9i 1 xg 2 ) } 

for gx,g 2 ,x G G and / G C[G]. Functions of the form X/v are called 
representative functions; we denote the algebra they generate by T(G). 
If G is a linear algebraic group, then the action of G x G on C[G] is 
locally finite, and this can be used to show that T(G) = C[G]. If 
G is the complexification of K, then the map T(G) — > T(K) is an 
isomorphism (cf. BtD ). As a consequence, we obtain the algebraic 
Peter- Weyl theorem, attributed to Hochschild and Mostow: 

Proposition 2.1. If G is a complex reductive algebraic group, then the 
map 

(5) ®vec V * ® V -> C[G] 
zs an isomorphism as representations of G x G. 

This follows from the usual Peter- Weyl theorem for compact groups 
( |Ros[ p. 201]), in view of the isomorphism C[G] — > T(K). 

In this paper, we frequently use the following result. For connected 
groups, it can be proved using restriction to a maximal torus. 

Proposition 2.2. If G is reductive, the map R(G) — > C[G] G taking 
a representation to its character is an isomorphism. In particular, for 
any G, R(G) is a finitely generated algebra over C. 

Proof. View G as embedded diagonally in G x G. The isomorphism 
© induces an isomorphism of G-invariants in the source and target. 
If V is any representation of G, then (V* <g> V) G = HomcfV, V), and 
if V is irreducible representation, Schur's lemma implies that this is 
1-dimensional, spanned by the identity map idy. But 0(idy) = Xv, 
proving the first statement of the proposition. The second statement 
follows because the representation rings of G and any Levi factor are 
isomorphic. □ 

As another application of the relationship between G and K, we have 
the following proposition. 
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Proposition 2.3. If H > G is an embedding of groups, then R{H) is 
a finite R{G) -module. 

Proof. If Hi is a Levi subgroup of H then the restriction map R{H) — > 
R(H{) is an isomorphism, so if necessary replacing H by Hi, we may 
assume H is reductive. Let G' be the quotient of G by its unipotent 
radical; then the natural map R(G') — > R(G) is an isomorphism. More- 
over, the kernel of H — > G' is a unipotent normal subgroup of H, hence 
is trivial. Hence the map H — > G' is injective. Therefore, if necessary 
replacing G by G' , we may assume G is reductive. 

Let L be a maximal compact subgroup of if; we may assume L is 
contained in a maximal compact subgroup K of G. Then the restriction 
maps R(G) — > R(K) and R(H) — > -R(L) are isomorphisms (cf. |BtD| ). 
Therefore the proposition follows from the analogous result of |Segl| 



for compact groups. □ 



2.2. Conjugacy classes and representation rings. If if is a sub- 
group of G, let Cn(g) denote the if -conjugates of g, i.e., the image of 
the map H — > G taking h to hgh~ x . 

Proposition 2.4. Let G be a reductive algebraic group. A conjugacy 
class in G is closed if and only if it is semisimple. 

Proof. In any algebraic group, the conjugacy class of a semisimple 
element is closed jBorl Theorem 9.2]. Conversely, suppose \& is a 
closed conjugacy class. Let g = su be the Jordan decomposition of 
some j 6 $. We want to show that u — 1, or in other words, that 
Cg{s) = Cg(su). A general result of Mumford about reductive groups 
acting on afflne schemes ( jMFKl Ch. 1, Cor. 1.2]) implies that given 
two closed disjoint conjugation-invariant subsets of G, there is a class 
function which is 1 on one subset and on the other. Therefore, to 
show that Cg(s) = Cg{su) it suffices to show that any class function 
takes the same value on Cq(s) as on Cc(su). But this holds because 
it is true for characters, which span the space of class functions. □ 

Note that if G is not reductive, there may be closed conjugacy classes 
which are not semisimple, for example if G — G . 

If ^ = Cc{g) is a semisimple conjugacy class, let m$ C R(G) be the 
ideal of virtual characters which vanish on Then is the kernel of 
the homomorphism of C-algebras R(G) — > C defined by the property 
that [V] i — > xv{^)- Since the trivial character does not vanish on 
is a maximal ideal of R(G). 
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Proposition 2.5. Let G be an arbitrary algebraic group. The assign- 
ment ^ i — > gives a bijection between the set of semisimple conjugacy 
classes in G and the maximal ideals in R(G). 

Proof. First observe that the result holds if G is reductive by Proposi- 
tions and 1231 For general G, let G = LU be a Levi decomposition 
and let r: R{G) — > R(L) be the restriction map. Since U is unipotent, 
r is an isomorphism. 

If m C R{G) is a maximal ideal then, since L is reductive, r(m) = m$ 
for some semisimple conjugacy class $ = Cl{1) in L. If \1/ = Cg{1) then 
r(m^) C m$. Thus C m. But is maximal so it equals m. 

Suppose \&i and ^2 are two semisimple conjugacy classes in G such 
that m* 1 = m^ 2 . Since the proposition holds for the reductive subgroup 
L, r(m^J = m$ for some semisimple conjugacy class $ C L. It follows 
that n I = $2 H i = $■ This means that ^ fl ^2 is nonempty, so 
^1 = \I/2. □ 

Given an embedding of groups G — > H, let r: R(H) — > R(G) be 
the restriction map. Let \l/ = Cn(h) be a semisimple conjugacy class 
in H. By Proposition 12.31 the ideal m^,R(G) is contained in a finite 
number of maximal ideals of SpecR(C7). If is a conjugacy class in 
f flG, then the restriction of any virtual character vanishing on \1/ also 
vanishes on that is, m^i?(C7) C m^/. Thus, ^ fl G decomposes into 
a finite number of semisimple conjugacy classes . . . , 

Proposition 2.6. Let G "—>■ H be an embedding of groups, and let 
and ^ be semisimple conjugacy classes in G and H , respectively. Then 
m^,R(G) C m<i-/ if and only if the conjugacy class ^' is contained in 

(*nG). 

Proof. The if direction follows from the discussion immediately preced- 
ing the statement of the proposition. Conversely, if ^' is a conjugacy 
class in G not contained in \I/nG, then is disjoint from the conjugacy 
classes ^1, . . . , in ^ H G. By Proposition 12.51 m^/ is distinct from 
each of the . Therefore there is a virtual character / e m^/ such / 
is not in some . Thus, the restriction of / to \& fl G is not zero, so 
/ i m*R{G). □ 

Remark 2.7. Proposition 12.61 implies that if \& C H is a semisimple 
conjugacy class then R(G) m9 is a semilocal ring with maximal ideals 
m^ 1 R(G) mil , . . . m^, l R(G) m9 . 

As noted above, if G is a subgroup of H and g <E G, the intersection 
of Cn{g) with G may consist of more than one G-conjugacy class in G. 
The following result shows that it is possible to find embeddings where 
this does not occur. 
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Proposition 2.8. Suppose G is an algebraic group and \I> = Cc{g) is 
a semisimple conjugacy class in G. There is an embedding G — > H , 
where H = Yli GL„., such that Cn{g) nG = Ca{g)- 

Proof. Since R(G) = R(L), where L is a Levi factor of G, R(G) is 
Noetherian. Therefore we can find a finite set fi, ■ ■ ■ fi of elements 
which generate the maximal ideal C R(G). Each function fi can 
be written as a finite sum fi = a ijXij where x%j * s the character 
of a G-module V^-. Let V be a faithful representation of G and set 
H = GL(V) x Ylij GL(Vy). Then G embeds as a subgroup of H since 
it embeds ClS db subgroup of the first factor, GL(V). 

Let g' be an element of G such that g' is conjugate to g in H. Since H 
is a direct product, the image of g and g' in each GL(V^) must have the 
same trace. Thus, Xij(d) = XijW) for a11 *>i- Hence = /;(#') = 
for each generator /j of (since (7 is, by definition, an element of 
the conjugacy class Therefore, by Proposition 12.51 g' is in the 
conjugacy class of g in G. □ 

3. EQUIVARIANT if-THEORY 

This section contains some il~-theoretic results needed for the proof 
of our main result, the nonabelian localization theorem. 

3.1. Basic facts and notation. Let G be an algebraic group acting 
on an algebraic space X. We use the notation coh^ to denote the 
abelian category of G-equivariant coherent (9x~ m odules. Let 

G(G,X) = ®Z Gi(G,X)®C 

where G{(G,X) is the i-th Quillen il"-group of the category coh^. 
Since all our coefficients are taken to be complex, we will simply write 
Go(G, X) (rather than Gq(G,X) <8> C) for the Grothendieck group of 
G-equivariant coherent sheaves, tensored with C. Likewise, we write 
Ko(G, X) for the Grothendieck ring of G-equivariant bundles, also ten- 
sored with C. When X is a smooth scheme, Thomason's equivariant 
resolution theorem implies that K (G,X) = Gq(G,X) (this is true 
even without tensoring with C). We use analogous notation in the 
non-equivariant setting, writing coh x for the category of coherent Ox- 
modules, and write G(X), Gq(X), and Kq(X) for the non-equivariant 
versions of .fT-theory. 

If £ is a G-equivariant locally free sheaf then the assignment T 1— > 
£ <S> F defines an exact functor coh^ — > coh^. This implies that there 
is an action of K (G,X) on G(G,X). 
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If X and F are G-spaces and p: X — > F is a G-map, then there is a 
pullback p*: K (G,X) -> i^ (G,X). When F = SpecC, this pullback 
makes G(G,X) an i?(G) = K (G, SpecC) module. 

If p: X — > F is a G-equivariant proper morphism then there is a 
pushforward p* : G(G, X) — > G(G, Y) which is an i?(G)-module homo- 
morphism |Tho2| 1.11-12]. The pushforward is defined on the level of 
Grothendieck groups by the formula p*[J-] = XX ~ l) l [R l p*J~]. 

If p: X — > F is flat and G-equivariant then there is a pullback 
p* : G(G, X) — > G(G, F) which is also an i?(G)-module homomor- 
phism. It is induced by the exact functor which takes a coherent sheaf 
T to its pullback p*T . 

More generally, if X is a regular algebraic space then Vezzosi and 
Vistoli proved |VVt Theorem A4] that G(G, X) is isomorphic to the 
Waldhausen iT-theory of the category Wz,x of complexes of flat quasi- 
coherent G-equivariant Ox modules with bounded coherent cohomol- 
ogy It follows that if p: X — > Y is a map of regular algebraic spaces 
then there is a pullback p* : G(G,X) — > G(G, F) which is an R(G)- 
module homomorphism. If p is a regular embedding of smooth alge- 
braic spaces then there is a self-intersection formula for a £ G(G,X): 

p*p*a = A_i(iV*) n a, 

where N* is the conormal bundle to map p and A_i(iV*) £ K (G, X) is 

the formal sum Yli=o v \ ty l [^\Np)\- This fact is proved in the course 
of the proof of Theorem 3.7 of jV Vj . 

3.2. Morita equivalence. In this paper we make extensive use of a 
particular instance of Morita equivalence, which we briefly describe. If 
Z C G is a closed subgroup and X is a Z-space then we may consider 
the G x Z-space G x X where (k,z) ■ (g,x) = (kgz" 1 , zx). We write 
G x z X for the quotient of G x X by the free action of the subgroup 
1 x Z. The space G x zX will often be referred to as a mixed space. If the 
Z action on X is the restriction of a G action, then the automorphism 
of G x X given by (g, x) i— > (g, <?a;) induces an isomorphism of quotients 
Gx z I^ G/Z x X. 

Since the actions of G and Z on G x X commute, the action of 
G x 1 on G x X descends to an action on the quotient G x z X. The 
Morita equivalence we use is the equivalence of categories between the 
category of Z-equivariant coherent sheaves on X and the category G- 
equivariant coherent sheaves on G Xz X. The equivalence is given by 
pulling a Z-module on X back to G x X to obtain a G x Z-module 
on G x X and then taking the subsheaf of 1 x Z-invariant sections to 
obtain a G-module on G Xz X. 
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Remark 3.1. When X is a point, Morita equivalence between the cat- 
egories of G-equivariant coherent sheaves on G/Z and Z-modules is 
obtained by taking the fiber of a sheaf at the identity coset Z. Un- 
der this equivalence the tangent bundle of G/Z corresponds to the 
Z- module 0/3, where and 3 denote the Lie algebras of G and Z 
respectively |Bor| Proposition 6.7]. If X is a G-space then the identi- 
fication G x z X = G/Z x X identifies the relative tangent bundle of 
the projection p: G x z X — > X with the bundle G x z (X x 5/3). 

Remark 3.2. The Morita equivalence of categories above induces an 
R(G) -module isomorphism in i^-theory G(Z,X) — > G(G,G x z X). 
Here R(G) acts on G(Z,X) via the restriction map R(G) — > R(Z). 
This observation will be used repeatedly in the sequel. 

3.3. Localization in equivariant fT-theory. In this section we ex- 
tend the localization theorem of |Tho5t Theorem 2.2] to arbitrary al- 
gebraic groups. The proof is similar to Thomason's. However, because 
we work with ideals in R(G) ®C which may have zero intersection with 
the integral representation ring, we cannot directly quote his results. 

Theorem 3.3. Let G be an algebraic group acting on an algebraic space 
X . Let \1/ = Co{h) be a semisimple conjugacy class and let Xy be the 
closure of GX h in X. 

(a) The proper pushforward 

i,: G(G,X*) ->G(G,X) 

is an isomorphism of R(G) -modules after localizing at m*. 

(b) If X is smooth and h 6 Z[G) (so ^ = h and X h is G-invariant) 
then the map of R(G) -modules 

n X-i{N*): G{G,X h ) -> G{G,X h ) 

is invertible after localizing at mh, and if a G G(G, X) mh , then 

(6) a = u(X^ 1 {N*)- 1 ni*a) . 

Here the notation A_i(A r *) _1 PI i*a means the image of i*a under the 
inverse of the isomorphism fl A_i(iV*). 

Remark 3.4. If X is a smooth scheme then X h is as well. By Thoma- 
son's equivariant resolution theorem we may identify K (G,X h ) with 
G (G,X h ) |TKo3l Theorem 5.7] and view (X.^N*))- 1 as an element 
in G(T,X h ) mh . 

Proof. Step 1: G = T is a torus. If T is a torus then Cc(h) = h. 
Using Noetherian induction and the localization long exact sequence 
Tho3, Theorem 2.7] it suffices to prove that G(T,X) mh = whenever 
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X h is empty. Since T is diagonalizable, we can, by Proposition I2.2[ 
identify R(T) with the coordinate ring of T, and with the maximal 
ideal of h G T. If T' C T is a closed subgroup then R(T') mh = 
unless /i G T". By Thomason's generic slice theorem |Thol| Theorem 
4.10] there is a T-invariant open set U, a closed subgroup T' acting 
trivially on U and a T-equivariant isomorphism U ~ T/T' x U/T. 
Since T" acts trivially on U, and X fc is empty, h ^ T'. By Morita 
equivalence, G(T,U) = G(T',U/T). But T' acts trivially on U/T, so 
G{T',U/T) = R{T') ®G(U/T). Thus G{T',U/T) mh = 0. Applying 
Noetherian induction and using the localization long exact sequence 
we conclude that G(T,X) mh = 0. This proves part (a). 

Next we must show that when X is smooth, the multiplication map 

R \-i(N*): G(T,X h ) mh -> G(T,X ft ) mh 

is an isomorphism. This may be done using Noetherian induction on 
X h . Again we apply Thomason's generic slice theorem. Thus we may 
assume that X h = T/T' x X h /T. As above G(T, X h ) mh = R{T') mh ® 
G{X h /T). 

Let M x be the fiber of N* over a point x G X h . Since T' acts trivially 
on X h , M x is a T'-module. As in the proof of [Tho5l Lemma 3.2], 
the identification G(T, X h ) mh = R(T') mh ® G(X h /T) implies that the 
action of A_i(iV*) on G(T, X h ) mh is invertible if and only if A_i(AQ is 
invertible in R(T') mh for some x in each connected component of X h ; 
i.e. A_i(A4) ^ Ttlft. Now M x decomposes into 1-dimensional eigenspaces 
for the action of T' so we can write X-i(M x ) — Yii=i(^ ~ Xl)i where 
Xi, ■ ■ ■ , Xs are ( n °t necessarily distinct) characters of T' . 

Let H be the closure of the cyclic subgroup of T generated by h. 
Then X H = X h . Since X h = T/T' x X h /T, V is the biggest subgroup 
of T acting trivially on X h = X H . Thus, we see that H C T' and the 
characters in the T'-module decomposition restrict to characters of H. 
None of these characters can be trivial on H since the normal space 
to X H at x is the quotient of the tangent space T x> x by the invariant 
subspace T^ x . Since the cyclic subgroup generated by h is dense in 
H, we see that, for each Xh we have Xi(h n ) — Xi(h) n 1 f° r some 
exponent n. Thus (1 — xi) 4- m h- Therefore, the action of A_i(iV*) on 
G(T, X h ) mh is invertible. 

Finally, the formula in Equation (0) can be deduced as follows. Since 

is surjective, a = i*/3 for some (3 G G(T, X h ) mh . Thus, 



i*a = i*i*(3 
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where the second equality follows from the self-intersection formula in 
equivariant K -theory. Since the action of A_i(iV*) is invertible after 
localizing at m^, the formula follows. 

Step 2. G is connected and reductive. We use a standard reduction 
to a maximal torus argument. Let T be any maximal torus in G and 
let B be a Borel subgroup of G containing T . Since B/T is isomorphic 
to affine space, the restriction G(B,X) — ► G(T,X) is an isomorphism 
|Tho4| Proof of Theorem 1.13]. The same proof implies that the pro- 
jection p: G x B X — > X induces a pullback p ! : G(G, X) — > G x B 
X) = G(T,X) and a pushforward p,: G(T,X) -> G(G,X), with the 
properties thatpil = 1, and if /3 G K (G, X), then pi(p ! /5no;) = /Jflpio;. 
In particular, p ! is a split monomorphism. Moreover, standard functo- 
rial properties of equivariant .ff -theory imply that p l and pi are func- 
torial for G-equivariant morphisms. 

To prove (a), as in the torus case it suffices to prove that if X h 
is empty then G(G, X) m9 = 0. Since G(G,X) embeds in G(T,X) it 
actually suffices to prove that G(T, X) m9 = 0. Let hi, h 2 , ■ ■ ■ h n be the 
conjugates of h contained in the maximal torus T. By Remark 12.71 
R(T)m* is a semilocal ring whose maximal ideals are the m/ li i?(T) TO>f . 
Hence, if M is any _R(T)-module, to show that M mi6 = it suffices to 
show that M mh = for all i. 

Since each hi is G-conjugate to h, each X hi is empty. By the torus 
case, G(T, X) mh = for each h{. This implies that G(G,X) m ^ = 0, 
proving (a). 

Now suppose that h G Z[G). To avoid confusion, we write for 
the maximal ideal in R(G) corresponding to the one-element conju- 
gacy class h G G and the maximal ideal in R(T) corresponding to 
the one-element conjugacy class h G T. By Remark 12.71 R(T) m c = 
R(T) m r. If X is smooth then, by Step 1, the action of A_i(iV*) G 
K Q (G,X h ) on G(T,X h ) m c = G(T,X h ) m r is invertible. Thus the ac- 
tion of A.^iV;) on G{G,X h ) m G = p.(G(T, X h ) m c) is as well. 

Once we know that the action of A_i(iV*) is invertible after localiz- 
ing at m^, the formula of equation © follows from the self-intersection 
formula. 

Step 3: G is arbitrary. As in the previous steps, to prove part (a) it 
suffices to show that if ^ = Ca(h) and X h is empty, then G(G, X) m ^ = 
0. By Proposition 12.81 there is an embedding of G into a product of 
general linear groups Q such that if = Cq(/i), then ^iflQ = ^. This 
implies that if X h is empty then so is (Q XgX) h . Thus, by Remark 13.21 
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and Step 2, we conclude that G(G,X) rtl9 = 0. Since m^ l R(G) C 
it follows that G(G,X) m9 = as well. 

Now suppose that h is central in G; then h is central in Q as well. 
Let i: X h — » X be the inclusion of the fixed locus and let t^: Q x g 
X h — > Q x q X h be the corresponding inclusion of mixed spaces. By 
Morita equivalence and Remark 12.71 it suffices to show that the action 
of A_i(iV*) on G(Q,Q x G X h ) is invertible after localizing at C 
R(Q). This follows from Step 2 and the following lemma. 

Lemma 3.5. Let G be a closed subgroup of an algebraic group Q and let 
h G GnZ(Q). If X is a smooth G- space then (Qx G X h ) = (Qx G X) h 
as closed subspaces of Q x G X. 

Proof of Lemma Wb^ It is clear that Q x G X h C (Q x G X) h , so we need 
only show the reverse inclusion. Since Q x G X h and (Q x G X) h are 
closed smooth subspaces of the algebraic space Q x G X it suffices to 
show that they have the same closed points (since we work over the 
algebraically closed field C). 

A point corresponding to the G-orbit of (q,x) G Q x X is fixed by 
h if and only if h(q,x) = (hq,x) is in the same G orbit as (q,x). This 
means that there is an element g G G such that (hq,x) = (qg^^gx). 
Thus g fixes x and g~ l = q~ x hq. Since h G Z(Q) this means g = h^ 1 . 
Since h and h~ l have the same fixed locus we conclude that x G X h ; 
i.e. (q,x) G Q x X h . □ 

This concludes the proof of Theorem 13.31 □ 

3.4. Decomposition of equivariant /^-theory. Let G be an alge- 
braic group acting on an algebraic space X. Assume that G acts with 
finite stabilizers. In this case, there is a decomposition of G(G, X) into 
a direct sum of pieces, which we now describe. 

Since X is assumed to be Noetherian there is a finite set of conjugacy 
classes <3>i, . . . $ m of elements of finite order such that X 9 is nonempty 
if and only if g G $j for some % \W\ Theorem 5.4]. 

Proposition 3.6. With the assumptions above, the localization maps 
G(G,X) — > G(G, -X")tn*. induce a direct sum decomposition 

G(G,X) = ® i G(G,X) mti . 

Proof. By |KG2| Remark 5.1], there is a ideal J C R(G) that annihi- 
lates G(G,X) and such that R(G)/J is supported at a finite number 
of points 1 of Spec R(G). This implies that G(G, X) = ®iG(G,X) m0 , 

1 If G(G, X) is a finitely generated i?(G)-module this also follows from Theorem 
EH and |W1 Theorem 5.4]. 
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for some set of semi-simple conjugacy classes {$1, $2, • • • $m}- If X h is 
empty for fte$, then by Theorem HO G(G, X) mqi = 0. □ 

Remark 3.7. Suppose that G acts on X with finite stabilizers. If 
a £ G(G, X), then we denote the component of a in the summand 
G(G,X) m ^ by a f . Note that if /3 £ A" (G,X) then 

(|9na)» = pn (a*). 

Also, suppose that / is a G-equivariant morphism of algebraic spaces 
such that G acts with finite stabilizers on the source and target. If / 
is proper morphism, then /*(a#) = (/*a)$. Likewise, if / is flat or 
a map of regular algebraic spaces then f*a^ = These basic 

facts follow immediately from the fact that /* and /* are P(G)-module 
homomorphisms. They will be used repeatedly in the proof of Theorem 
IO 

Let X be a Z-space where Z acts with finite stabilizers and let Z C G 
be an embedding of Z into another algebraic group G. Morita equiv- 
alence ( Section 13.2)) identifies G(G,G x z X) with G(Z,X) giving an 
-module structure on G(G, G x z X). As a result we may obtain 
a more refined decomposition of G(G, G x z X). 

Proposition 3.8. Let Z act on X with finite stabilizers. If \& is a 
semisimple conjugacy class in G and fifdZ) decomposes into the union 
of conjugacy classes . . . , then 

G{G, G x z X) m9 = @\ =1 G(G, G x z X)^,. 

Proof. By Remark 12.71 R(Z) mxt is a semi-local ring with maximal ideals 
m^j, . . . , where ^1, . . . ^ are the conjugacy classes in \1> fl Z. The 
proposition follows. □ 

3.5. Projection formulas for flag bundles. In this section we prove 
some projection formulas for maps of flag bundles which will be needed 
in the proof of the nonabelian localization theorem. We begin with a 
lemma which is certainly known in greater generality, but for which we 
lack a suitable reference. 

Lemma 3.9. Let p: P± — > P2 be a proper, flat, G-equivariant map 
of quasi-projective schemes such that action of G is linearized with 
respect to an ample line bundle on each Pi. Let X be an algebraic 
space with a G-action. Let pi : Pi x X — >• Pi and P2 : P2 x X — > P 2 be 
the projections. Set (ft = (p x 1) : P 1 x X — > P 2 x X. If A e K (G, Pi) 
and a £ G(G, P 2 x X) then 

(7) ^(^nf«)=^An« 
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Proof. We use the ideas in the proof of the projection formula given in 
IQuit Proposition 7.2]. 

By assumption the action of G on Pi is linearized with respect to 
an ample line bundle. Hence K (G, Pi) is generated by classes of equi- 
variant vector bundles £ with R l p*£ = for i > |Qui| , Section 7.2]. 
Thus we may assume A = [£} and R l p*£ = for i > 0. Since p is flat 
it follows that p*£ is a locally free G-equivariant sheaf on P 2 . Thus, if 
T is any coherent sheaf on P 2 x X then R l <p^{pl£ (g> 4>*J~) = 0. (This 
can be checked locally in the etale topology so we may assume X is an 
affine scheme. The proof in that case is given on p. 59 of Srinivas's 
book jSrij .) Thus the functor 

coh (p 2 xx) ~> coh fp 2 xx)> F *-> Mp*£ ® <t>*F) 

is exact. This functor induces the endomorphism of G(G,X) given by 
a i-> <p*(p\A n <p*a). 

On the other hand, the endomorphism of G(G, P 2 x X) given by 
a i— > p 2 p*A fl a is induced by the exact functor 

coh (P 2 xX) ~> coh (P 2 xX)> ^ ^ P*2P*£ ® 

Srinivas also proves that there is a natural (and hence G-equivariant) 
isomorphism 0*(p*£®0* JF) ~ (f)*p\£®!F. Since (f)*p*£ is naturally (and 
thus G-equivariantly) isomorphic to p 2 p*£ the two exact functors we 
have defined are isomorphic. Therefore, the formula of Equation ((7j) 
holds. □ 

Let G be a connected group and let P C G be a parabolic subgroup 
containing a Borel subgroup i? and having Levi factor Z. Choose a 
maximal torus T C Z. Since P is parabolic, T is a maximal torus of G 
as well. Let W(G,T) = N G (T)/Z G (T) and W{Z,T) = N Z (T)/Z Z (T) 
be the Weyl groups of G and Z respectively. If X is a G-space then we 
have projections 

Gx B X ^ G xpl^l. 

Set 7r = g o p. The flag bundle projection formulas are given by the 
next result. 

Proposition 3.10. If a G G(G,X), (3 G G(G, G x P X) tfiera £/ie /oZ- 
lowing identities hold: 



(i) 7r*(A_i(T^) n 7r*a) = |H/(G,T)|«. 
^^(A_ 1 (T;)ng*a) = M|f]j«. 
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(iii)p*(\^(T*)n P *f3) = \W(Z,T)\(\-i(T*) n /3). 

Proof. Since G acts on X, the mixed spaces G x B X and G x P I 
are isomorphic to G/-B x X and G/P x X respectively. The maps 
p, q, Ti are all smooth and projective and the bundles T n , T q and T p are 
all obtained by pullback from the smooth projective schemes G/B or 
G/P. Therefore, by Lemma [3.91 we may assume that X = SpecC and 
a — 1. 

Observe that since B is a parabolic with Levi factor T, (i) is a special 
case of (ii). To prove (ii), it suffices to show that if P C G is a parabolic 
with Levi factor Z and q: G/P — > SpecC is the projection, then 

q*{\-i{T* G/P )) = \W(G,T)\/\W(Z,T)\ G R(G). 

Since R(G) C -R(T) we may check this identity in R(T). The torus 
T acts on G/P with a finite number of fixed points Pi, ■ ■ ■ ,p n where 
n = \W{G,T)\/\W(Z,T)\. Let z { : p l -> G/P be the inclusion. The 
fixed points are isolated and = tfT G / P . We claim that 

n 

(8) a_ 1 (t;) = ^^i. 

Indeed, since G/P has a T-equivariant cell decomposition, [|CG[ Lemma 
5.5.1] implies that G (T,G/P) = K (T,G/P) is a free i?(T)-module. 
In addition -R(T) is an integral domain, we may check (jSJ) after lo- 
calizing at any prime ideal in R(T). By Theorem 13. 3( the equa- 
tion holds after localizing at m a G R(T) where a G T is any ele- 
ment with (G/P) a = (G/P) T . This proves (jSJ). Pushing forward to 
G(T, Speck) = R(T) completes the proof of (ii). 

If G is connected then G-equivariant iT-theory is a summand in T- 
equivariant f^-theory |Tho4| Theorem 1.13]. Thus, to prove (iii) we 
may again work in T-equivariant A'-theory. The T action on G/B has 
\W(G, T)\ fixed points while the T action on G/P has \W(G, T)/W(Z, T)\ 
For each fixed point P G G/P the fiber p~ 1 (P) contains exactly \ W(Z, T) | 
of the T-fixed points in G/B. Applying (jSJ) to G/B and G/P, we see 
that P A-i(T* /B ) = \W(Z,T)\X^(T* /p ). □ 

4. The global stabilizer and its equivariant A"- theory 

4.1. General facts about the global stabilizer. If X is a G-space 
then G acts on G x X by conjugation on the first factor and by the 
original action on the second factor. The global stabilizer Sx C GxX is 
a G-invariant subspace and the projection / : Sx — * X is G-equivariant. 
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Definition 4.1. Let $ be a semisimple conjugacy class in G. Define 
S-q, C S x to be the inverse image of \1/ under the projection S x — > G. 
Set theoretically, = {(g,x)\g e \& and gx = x}. 

Remark 4.2. Since semisimple conjugacy classes are closed, is closed 
in Sx- Thus, if G acts with finite stabilizer then the projection / : — > 
X is also finite. 

If \1> and ^' are disjoint conjugacy classes then fl S^' = 0. When 
G acts with finite stabilizers then Sx is the disjoint sum of the closed 
subspaces S^ 1 JJ S^ 2 . . . ]J where . . . , ^} is the set of conju- 
gacy classes whose elements have non-trivial stabilizer (these conjugacy 
classes are necessarily semisimple because in characteristic any ele- 
ment of finite order is semisimple) . Hence S<q, is also open in Sx in this 
case. 

Let h be an element of \I/ and let Z = Zc{h) be the centralizer of 

h. The map G x X h ^ So, given by (g,x) i— > (g/ig ^gx) is invariant 
under the free action of Z on G x X A given by 2(<7, x) = (gz~ l , zx). 

Lemma 4.3. G x X A 5* is a Z-torsor. Hence Sy is identified with 
the quotient G x z X h . 

Proof. The map G -> # h-> identifies * with G/Z. Thus, by 

base change, the map $^ : GxX — > f xl given by x) h- > (ghg^ 1 , gx) 
is also a torsor. Since $^ 1 (S'$) = Gx X ft the lemma follows. □ 

Remark AA. If X is smooth then the identification of S-% with Gx z X h 
implies that S^ is smooth and the projection / : S^ — > X factors as the 
composition of the regular embedding 5* A G x z X with the smooth 
projection morphism G x z X X . 

If X is smooth, the map S<q, — > G x z X is a regular embedding but 
the projection G x z X — > Z is not proper. This makes it difficult to 
use G x z X in the proof of our main result. However, suppose that 
G is connected and Z is a Levi factor of a parabolic subgroup P. Let 
p : Gx^X — > Gx P X be the projection, and let j = poi : — > Gx P X. 
The following result holds. 

Lemma 4.5. Lei G &e connected and let ^ = Ccih), where h is 
semisimple. Assume that Z = Z G {h) is a Levi factor of a parabolic 
subgroup P. If G acts on X with finite stabilizer then j : S<$ — > G x P X 
is a regular embedding. 
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Proof. Since the morphisms of algebraic spaces i and p are repre- 
sentable 2 the composite j = p o i is as well. By |KGA41 Proposition 
19.1.1] any closed immersion of regular schemes is a regular embedding. 
The property of being a regular embedding is local for the etale topol- 
ogy of the target so we may apply this proposition to representable 
morphisms of algebraic spaces. Since and G Xp X are smooth we 
are reduced to showing that j is a closed immersion. 

The finite map / : — > X factors as p o j where p: G x P X ^ X 
is the projection, so j is finite and thus closed. To prove that it is an 
immersion we will show that is unramified and injective on geometric 
points. These two conditions suffice because by EGA4, Cor. 18.4.7] 
an unramified morphism (Zariski) locally factors as the composition 
of an etale morphism with a closed immersion. If, in addition, the 
map is injective on geometric points then the etale morphism is an 
open immersion by [EG A41 Theorem 17.9.1]. Hence these conditions 
will imply that our morphism is locally the composition of an open 
immersion with a closed immersion. 

To show that j is unramified it suffices to show that the map / = 
j o q: Sq, — ► X is unramified. Since is open in Sx we need only 
show that the projection Sx X is unramified. This last fact follows 
from the fact the fiber of Sx —* X over a geometric point x — > X is a 
group scheme over x. Since we work in characteristic this must be 
reduced. 

Next we show that j is injective on geometric points. Consider the 
morphism G x X h — > G x z X h — > G x P X. Suppose that (gi,Xx) and 
(ff2, X2) have the same image inGxpX. By definition this means that 
there is an element p £ P such that x<i = px\ and g<i = g\P~ l ■ Since 
P is a semidirect product of Z and U with U unipotent and normal, 
we can write p = uz with u £ U and z £ Z. Thus x<i = uzx\\ we 
want to show that u — 1. Because zx\ and 22 are both in X h , it 
suffices to show that if u is an element of U with x and ux both in X h , 
then u — 1. This last assertion follows because the assumptions imply 
that hux = huh~ x x = ux, or fixes x. Now, u~ 1 (huh~ 1 ) is 

unipotent since it is in U. However, this element has nontrivial fixed 
locus, so by Remark 14.21 it is semisimple. Hence u~ 1 (huh^ 1 ) = 1, so 
u £ Z. Since Z DU — {1} we obtain u — 1, as desired. □ 

4.2. Localization theorems related to the global stabilizer. Let 

\I/ = Cc{h) be a semisimple conjugacy class, and let Z = Zc{h). Recall 
that by Lemma f4. 31 $),:Gx X h —>■ S^ is a Z-torsor. 

2 We say that a morphism of algebraic space / : X — > Y is representable if for 
any scheme Y' and map Y' —> Y, the fiber product X Xy Y' is a scheme. 
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By Morita equivalence, G(G, Sty) is isomorphic to G(Z, X h ), so G(G, Sty) 
is an i?(Z)-module. The restriction homomorphism R(G) — > R{Z) is 
compatible with the R(G) and i?(Z)-module structures on G(G, Sty) 
(cf. Section E3) . Since h is central in Z it is a one-element conjugacy 
class with corresponding maximal ideal C R(Z). 

The next lemma shows that the action of R(Z) on G(G, Sty) is inde- 
pendent of the choice of h G This fact is crucial for the proof of the 
nonabelian localization theorem. 

Lemma 4.6. Let ^ be a semisimple conjugacy class and let h\ and 
h 2 = khik' 1 be in \1>. Set Z\ = Z G {hi) and Z 2 = Z G {h 2 ). Let C& : 
Z\ — > Z 2 denote conjugation by k, and let CI : R(Z 2 ) — ► R(Z\) denote 
the pullback. Then Cj£(m/, 8 ) = and the pullback CI is compatible 
with the actions of R(Z\) and R[Z 2 ) on G(G, Sty) as defined above. 

Proof. Since C^{h\) = h 2 , we have C^m^) = m^. To verify the com- 
patibility of the i?(Zj)-actions, we must unwind the definitions. The 
maps <2j : G/Zi — > ^ defined by a^gZ/) = ghig~ x give G-equivariant 
identifications of G/Zi with These in turn give change of group 
identifications of RiZi) with Ko(G,^>), and the action of R{Z/) on 
G(G, Sty) is obtained composing these identifications with the pullback 
K (G, — > Kq(G, Sq,). Therefore, it suffices to prove that CI is com- 
patible with the identifications of RiZ/) with K (G, ty). 

The identifications of G/Zi with \l/ are compatible with the isomor- 
phism k : G/Zi — > G/Z 2 taking gZ\ to gk~ 1 Z 2 . If V 2 is a Z 2 -module, 
write C£V2 for the same underlying vector space, but with Zx-module 
structure obtained by pullback via the map Ck- The identification of 
RiZi) with Kq(G, \P) takes the class of a Zj-module Vi to the class of 
the vector bundle G x Zi V, on G/Zi. The pullback via k of the vector 
bundle G Xz 2 V 2 is G-equivariantly isomorphic to the vector bundle 
G x Zl CIV 2 , which proves the result. □ 

Proposition 4.7. Let G be an algebraic group acting on a smooth 
algebraic space X. Let ^ = C G {h) be a semi-simple conjugacy class, 
let Z = Z G (h), and let f : Sty — > X be the projection. Let NJ = 
[Tg ] — [f*(Tx)] G K (G, Sty) be the class of the relative cotangent 
bundle. The map n A_i(iV?): G(G, Sty) — > G(G, Sty) restricts to an 
isomorphism after localizing at the maximal ideal G RiZ). 

Remark 4.8. Recall that Sty is smooth when X is smooth ( Remark 14. 4j) 
so that / : Sty — > X is a morphism of smooth algebraic spaces. 

Proof. Let i: X h — > X be the inclusion of the fixed locus of h. By 
Theorem 13.31 the map 

n A_ x (iVr) : G{Z,X h ) mh -> GCZ.X*)^ 
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is an isomorphism. Let i : — > G x z X be the corresponding inclusion 
of mixed spaces. By Morita equivalence the map 

n \-i{N*): G(G,S*) mh -> G{G,S*) mh 

is an isomorphism. 

Let r/: G x z X ^ X be the projection. Then / = r\ o i, so [Tf] = 
[Ni\ - [i*T v ] G Ko{G,S 9 ) Thus X-i(N*) = A_i(JV;)A_i(i*7£). Since 
A_i(iV*) acts by automorphisms on 5"^) mh it follows that A_i(iVp ) 
must as well. □ 

Now assume that G is connected and that Z = Za(h) is a Levi factor 
of a parabolic subgroup P C G. Since P/Z is isomorphic to affine space 
we may identify identify G(G, G Xp X) with G(Z, X). 

Proposition 4.9. Let G be a connected algebraic group acting on a 
smooth algebraic space X . Let ^ = Cc{h); assume that Z = Zq(K) is 
a Levi factor of a parabolic subgroup P. Let i and j be the maps of Sq, 
into G x z X and G x P X defined above. 

(a) The map 

n \-i(N*) : G(G, S*) -> G(G, S*) 

is an isomorphism after localizing at the maximal ideal C R(Z). 

(b) If in addition G acts on X with finite stabilizer and if /3 G 
G(G, G x P X) mh , then 

(9) p=j*(\- 1 (N*)- 1 nf(3). 

where A_i(A r *) _1 nj*/3 denotes the image of j* (3 under the inverse of 
the map n \-i(N*). 

Proof, (a) The map j factors as p o i where p: G x P XtoG x z X is the 
projection. Thus [Nj] = [iV;]-[z*T p ]. Hence A_i(iV*) = A_i(JV?)A_i(2^). 
By Morita equivalence and Theorem 13.31 A_i(iV*) acts by automor- 
phisms on G(G, Sy) mh . Therefore, A_i(iV*) must as well. 

(b) By Morita equivalence and Theorem 13.31 (for the group Z) the 
pushforward z*: G(G, S^) C9 — ► G(G,G x z X) mh is an isomorphism. 
Since the action of A_i(iV*) on G(G, S^) C9 is invertible, it follows from 
the self intersection formula that i* : G(G, G x z X) h — > G(G, S*) Cxt , is 
also an isomorphism. Hence 

j* = (P o i)* : G(G, Gx P X) mh - G(G, SuU 

is as well. Thus, it suffices to prove that Equation Q holds after 
applying j* to both sides. By the self-intersection formula for the 
regular embedding j, we have 

(X-^n;)- 1 n f/3) = A_x(iv;) n (\-i(n;)~ 1 n f(3) =j*p 
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□ 

4.3. The central summand. Suppose that G acts with finite stabi- 
lizers on X. Let \& = Ca(h), and keep the notation above. Since h 
is a one-element conjugacy class contained in ^ fl Z, Proposition 13.61 
implies that G(G, S^m^ is a summand in G(G, S^,) m ^. By Lemma l4~o1 
this summand is independent of choice of h G \&. 

Definition 4.10. Let G act with finite stabilizers on X, and let \I/ = 
Cc(h). With notation as above, the summand G(G, S^,) mh C G(G, S^) m 
(which is independent of h G \P) will be called the central summand 
and denoted G(G, S^) c ^. The component of (3 G G(G, S"^) in this 
summand will be denoted /3 C>F . 

5. The nonabelian localization theorem 

The main theorem of our paper is the following nonabelian localiza- 
tion theorem. 

Theorem 5.1 (Explicit nonabelian localization). Let G be an algebraic 
group acting with finite stabilizer on a smooth algebraic space X. Let 
^ = Cc{h) be a semisimple conjugacy class and let f : — > X be the 
projection. If a G G(G, X) let be the component of a supported at 
the maximal ideal C R(G) . Then 

(10) a* = /,(A_ 1 (iv;)- 1 n(r«) c ,) 

where X-i(Nj)^ 1 fl (f*a) C9 is the image of (/*«) Cxp under the inverse 
of the automorphism fl X-i(Nj) of G(G, S^) C9 . 

The theorem can be restated in way that is sometimes more useful for 
calculations. As usual, let Z = Zc(h). Let i l : G(G,X) — > G(Z, X h ) 
be the composition of the restriction functor G(G, X) — > G(Z, X) with 

the pullback G(Z, X) — > G(Z,X h ). Let (3h denote the component of 
(3 G G(Z, X h ) in the summand G(Z, X h ) mh . Let g (resp. 3) be the 
adjoint representation of G (resp. Z). The restriction of the adjoint 
representation to the subgroup Z makes g a Z-module, so 0/3 is a 
Z-module. Let r]\ G x z X —>■ X be the projection. By Remark 13.11 
T n = G x z (X x . We therefore obtain the following corollary. 

Corollary 5.2. With assumptions as in Theorem \5.1l let h be an el- 
ement ofm. Let Z = Z G (h), and let u: G(Z,X h ) -> G(G,X) be the 
map obtained by composing f* with the Morita equivalence isomorphism 
G(Z,X h ) -> G(G,S*). Ifae G(G,X) m „, then 

(11) a = i, (X-iiN?)- 1 n A_x(( /3)*) n (Ja) h ) . 
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5.1. Proof of Theorem 15.11 if G is connected and Z is a Levi 
factor of a parabolic subgroup. In this section we prove Theorem 
15 .11 under the assumptions that G is connected and that Z = Zq{K) is 
a Levi factor in a parabolic subgroup P C G. (In fact, it would suffice 
for our purposes to take G equal to a product of general linear groups, 
and then Z is automatically such a Levi factor.) Choose a maximal 
torus T and and Borel subgroup B such that h G T C B C P. We 
have maps of mixed spaces 

G x B X ^ G x P X S X; 

and we write n = q o p. Let j : Sq, — ► G x P X denote the regular 
embedding of Lemma 14.51 

Since G Xt X G x b X is a. bundle with fibers isomorphic to B/T, 
pullback gives an isomorphism of G(G, G x B X) with G(G, G x T X). 
Now, \l/nT consists of a finite number of elements h = h±, . . . ,h w , where 
w = \W(G,T)\/\W(Z,T)\. By Proposition EU if a E G(G,X) m9 , then 
there is a decomposition 

w 

ir*a = 22(TT*a) hl , 
i=i 

where (7r*a)? ii refers to the component supported at C R(T). Be- 
cause h is central in Z, there is a also component (q*a)h of q*a sup- 
ported at the maximal ideal C R(P) = R(Z). 
The key step is given by the following proposition. 

Proposition 5.3. Keep the assumptions of Theorem \5.1l and in addi- 
tion assume that G is connected and Z is a Levi factor of a parabolic 
subgroup P. Then the following identity holds in G(G, X) m9 : 

(12) /* (A^T 1 n (f*a) C9 ) = * tt. (A_i(T*) n (7r*a) fc ) . 

Proof. We keep the notation introduced before the statement of the 
proposition. Since / = q o j and j* is an .R(Z) -module homomor- 
phism j*((q*ac)h) = (f* a )h- But (f*cx)h is independent of h and 
equals (f*a) CiS! by definition of the central summand. Now, [Nj] = 
[N*] - \j*T*}, so 
(13) 

A.^iv;)- 1 n (/-a)^ = A_ 1 (iv;)- 1 n(A_ 1 ( J *T;)n(r«) c j 
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Applying /* = o to both sides of Equation ([T3J) . we obtain 
(14) 

= g * (a_x(t;) n (q*a) h ) 

where the second equality follows from Proposition 14.91 By compati- 
bility of pullback with support, (ir*a)h = P*{{q*&)h)- By Proposition 

una 

A-i(IJ) n (q*a) h = m l jT) f * ( A -i( T :) n (**«)*) 



so 



q. (A_ X (T;) n (g*a) h ) = * tt, (A_ x (i;*) n (n*a) h ) 



□ 



The proof of the theorem for G connected and Z a Levi factor of a 
parabolic subgroup is an easy consequence of the preceding proposition. 
By Proposition I3.101 

a =w<hy\ w - (x - i(T:)nw ' a) - 



Therefore, 



a 



i=i 



gg2)g/.(A. lW )-nCr«W 
/, (A_!(jv;) n (/*«)„) , 



as desired. 



Remark 5.4. As a corollary of the proof in this case we obtain the 
following induction formula for a e G(G,X) m9 . 

(15) a = |^||y| ^ (A-iTO n (^a) h ) 

5.2. Proof of Theorem 15.11 for arbitrary C7. By Proposition 12. 8| 
we can embed G as a closed subgroup of a product of general linear 
groups Q such that, writing \1> = Co{h) and \1/q = Cq{K), we have 
i±7 Q n G = Write Z = Z G (/i) and Z Q = 2q(/i). Let F = Q x G X; 
then Q acts with finite stabilizer on Y . The group Q is connected, 
and direct calculation shows that Zq is a a product of general linear 
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groups which is a Levi factor of a parabolic. Therefore, the nonabelian 
localization theorem applies to the Q-action on Y. 

By Proposition ^. Bl and the fact that ^/qHG = we have G(Q, Y) m9 
G(Q,Y) mxS . As usual, S^ Q denotes the part of the global stabilizer 
Sy corresponding to \1/q. For simplicity of notation we will write Sq 
for S\ff Q and S for S^. We denote by /q the morphism Sq — > Y. If 
(3 G G(Q, Sq) then by definition, (3 C9 is the component of (3 supported 

at the maximal ideal C R{Zq). Likewise, if 7 G G(Q,Q x G S) = 
G(G,S) then 7 C4 , is the component supported at C R{Z). Since 
h is central in Z and Zq, Remark 12.71 implies that if M is any R[Z)- 
module then M mh = M m Q, where the R(Zq) action on M is given by 

the restriction homomorphism R{Zq) — > RiZ). Thus 7 C4 , may also be 
identified with the component of 7 supported at m®. 

Note that R{Zq) acts on G(G, Sq) and R(Z) acts on G(Q, Qx G S) — 
G(G, S). By Morita equivalence, the localization theorem for G acting 
on X is a consequence of the following lemma. 

Lemma 5.5. Keep the assumptions and notation of this subsection. 
Then there is a Q-equivariant isomorphism $ : Q Xg S — > Sq such 
that: 

i) $* : G(Q,Sq) — > G(Q,Q x G S) is an R(Zq) -module homomor- 
phism where the action of R(Zq) on G(Q,Q x G S) is given by the 
restriction homomorphism R{Zq) —* RiZ). 

11) /qo$ = (l x G f). 

Proof. Consider the map 

T: Q x S -> ^ Q x Q x X, (q,g,x)^ (qgq~\q,x). 

This map induces a map of quotient spaces $ : Q x G S —> ^/q x F such 
that the following diagram commutes: 

Qx G S -> $ Q xy 
(16) I I 

Here the vertical arrows are the obvious projections and the bottom 
horizontal arrow is given by <p((q, k)) = qkq~ x . Note that Sq is a closed 
subspace of ^q x Y. We have a commutative diagram 

R(Z Q ) A K (Q,* q ) - K (Q,y Q xY) 
R(Z) ^ K (Q,Qx G q) -> K (Q,Qx G ,S). 
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Here the second arrow in each row is a pullback map. The first arrow in 
the top row takes [V] G R(Zq) to the class of the vector bundle Q x Zq V 
on Q/Zq = \1/q. The first arrow in the bottom row takes [W] G R(Z) 
to the class of the vector bundle Q x zW on Q/Z = Qx G f . The action 
of R{Zq) on G(Q, Sq) (resp. of R(Z) on G(Q, Q XqS)) is defined using 
the composition along the top (resp. bottom) row. The commutativity 
of this diagram implies that $* is a -R(Zg)-module homomorphism. 

Next we show that $ induces an isomorphism of Q x G S onto the 
subspace Sq C x Y . Let W be the inverse image of Sq in \I/q xQ x 
X. Then W is the closed subspace consisting of triples (k, q, x) such 
that g = q~ l kq is in G and gx = x. If (g, x) G S and q G Q then clearly 
(qgq -1 ,q,x) G W 7 . Thus $ factors through a morphism $: Q x G S — > 
Sq. Since $* is an R{Zq) -module homomorphism, so is $*. Next we 
show that $ is an isomorphism. Since we work over C and $ is a 
representable morphism of smooth (hence normal) algebraic spaces, it 
suffices, by Zariski's main theorem (proved for algebraic spaces in |Knu| 
Theorem V4.2]), to prove that $ is bijective on geometric points. 

First we show that $ is injective. Let (qi,gi,xi) and (g2, #2, £2) 
be two points of Q x S such that T(g 1; g±,Xi) = (gi^igf 1 , qi, Xi) and 
T(q2, #2, X2) = (q , 25'25 , 2~ 1 ) <?2, X2) have the same image in \1/q x Y. Then 
Qigiq^} = QidiQi 1 and there is an element g G G such that X2 = gx\ 
and q 2 = qig' 1 - Thus g 2 = ggig^ 1 and hence (q 1 ,g 1 ,x 1 ) and (q 2 ,g 2 ,x 2 ) 
are in the same G-orbit in Q x S. Therefore, $ is injective on geometric 
points. 

Conversely, suppose that (k,q,x) G W. Then g = q~ l kq G ^/qHG = 
\P. Thus (k,q,x) = T(q,g,x) so $ is surjective on geometric points. 

Finally, the fact that /q o $ = (1 Xg /) is clear from the definition 
of This completes the proof of the lemma and with it Theorem 

o □ 

6. RlEMANN-ROCH FOR QUOTIENTS 

As an application of the nonabelian localization theorem, we can 
give an explicit formula for the Riemann-Roch map for quotients of 
smooth algebraic spaces by proper actions of algebraic groups. Recall, 
(Section that any algebraic space with a proper group action is 
automatically separated. 

Before stating this, we need some preliminary results about invari- 
ants. 

6.1. Invariants and equivariant fC-theory. Let G be an algebraic 
group acting properly on an algebraic space X. The theorem of Keel 
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and Mori |KMj states that the quotient stack [X/G\ has a moduli space 
Y = X/G in the category of algebraic spaces. Translated in terms of 
group actions, this means that the map of algebraic spaces X —> Y is 
a categorical geometric quotient in the category of algebraic spaces. 

Definition 6.1. Let X be an algebraic space with a proper G action and 
let X — > Y be the geometric quotient. If T is a G-equivariant quasi- 
coherent Ox-module, define T G = (tt^J-') g . We call this the functor of 
taking G-invariants. 

To obtain a map from equivariant K-theory to the X-theory of the 
quotient, we need the following lemma. 

Lemma 6.2. Let X be an algebraic space with a proper G-action (see 
Section M.l.l)) and let X ^ Y be the geometric quotient. The assign- 
ment T I— > T G defines an exact functor coh x — > cohy . 

Remark 6.3. If X and Y are both schemes, and G is reductive, then 
this lemma is a consequence of the facts that the quotient map X — > Y 
is affine MFK, Proposition 0.7], and that taking invariants by a locally 
finite action of a reductive group is an exact functor (in characteristic 
0). 

The theorem of Keel and Mori is proved using an etale local de- 
scription of the moduli space Y = X/G. In particular they prove that 
[X/G] has a representable etale cover by quotient stacks {[Ui/Hi]} with 
Ui affine, Hi finite and such that the following diagram of stacks and 
moduli spaces is Cartesian: 

[Ui/Hi] - [X/G] 

i i 

U/Hi -> X/G 

Let Vi = U X\x/G] X. Then Vi is affine and has commuting and free 
actions of G and i/j. Let X{ = Yi/Hi. Since Hi acts freely, Xi — > X is 
etale. If we let Yj = Xj/Gj, then the map of quotients Yi — > Y is also 
etale, and the following diagram of spaces and quotients is Cartesian: 

Xi -> X 

(17) I I 

Yi - Y 

The actions of G and Hi on Yi commute so Xi/G = (Yi/Gi)/ H^. The 
local structure of geometric quotients given by Diagram ()17|) implies 
that the quotient map X — > Y is an affine morphism in the category 
of algebraic spaces. 
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Proof of Lemma \b\ M The question is local in the etale topology on the 
quotient Y . Thus we may assume that there is an affine scheme V and 
a finite group H such that V has commuting free actions by H and G 
and X — V/G. It follows that the G x //-quotient map V — > Y factors 
as p = q o 7Ty = vr o q v where n v : V — > V/G is a G-torsor, gy : V ^ X 
is an if-torsor and g: V/G — > F is a quotient by if. 

Let ^ be a (G x if)-equivariant coherent sheaf on V. Then 

qGxH = {gG) H 

= (G H f 

The group if is finite and Y = (V/G)/H so the assignment TC i— > 7i H 
is an exact functor coh^ G — > cohy. Since G and if act freely on V 

the assignments Q \— > (? G and £ i— > define equivalences cohy X// — > 
cohy, G and cohy XH — ► coh G . Thus, the assignment Q \— > Q GxH is an 
exact functor cohy — ► cohx- Since the assignment i— > Q H is an 
equivalence coh Gx ^ — > coh^ it follows that the assignment T — > JF G 
is an exact functor coh G — > cohy. □ 

If X is an algebraic space with a proper G-action and geometric 
quotient X A y let ix G : G{G,X) -> G(y) be the map on X-theory 
induced by the exact functor coh^- — > cohy given by JF i— >• JF G . We 
will usually denote nc(a) by ct G . 

If G acts properly on X and g: X' — > X is a finite G-equivariant 
map then G acts properly on X' [EG3, Prop. 2.1]. Let it: X — > y, 
k': X' — ► y be the geometric quotients. Since the composite map 
7r o g : X' — > y is G-invariant there is a map of quotient g' : Y' — *■ Y 
such that the diagram commutes. 

X' -4 X 

(18) J. ?r I 

y' i y 

Lemma 6.4. The map q' is finite and ttq ° g* = g* o vr G as maps 
G(G,X') ^G(Y). 

Proof. Working locally in the etale topology we may assume that Y is 
affine. It follows (since q is finite) that all of the other spaces in Diagram 
(JHJ) are affine. Let X = Spec A, X' = Spec B. Then Y' = Spec£ G and 
y = Spec A G . If M is a G-equivariant S-module then a gM g = (aM) g 
(c.f. |EG3l Proposition 2.3]). Translated to sheaves this means that T 
is a G-equivariant quasi-coherent sheaf on X' then (g*jF) G = q'^T ) 
as quasi-coherent sheaves on Y . 
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To complete the proof of the Lemma we need to show that q' is finite. 
Since q' is affine we need to show that q^Oy is coherent. Now n 1 is a 
geometric quotient so O y > = 0%. Thus q*0 Y > = {q*0 X ') G is coherent 
because q is finite. □ 

6.2. Twisting equivariant A'-theory by a central subgroup. Let 

Z be an algebraic group and let if be a subgroup (not necessarily 
closed) of the center of Z consisting of semisimple elements. If V is 
any representation of Z then, since any commuting family of semisimple 
endomorphisms is simultaneously diagonalizable, V can be written as 
a direct sum of if-eigenspaces V = ®V X where the sum is over all 
characters x '■ H — > C* and H acts on V x by h ■ v = x(h)v. Since 
elements of H are central in Z, each eigenspace V x is Z-stable, and 
therefore we have [V] = ^2\y x ] in R(Z). We define an action of H on 
the representation ring R(Z), by 

h-[V] = J2x(hr 1 [V x ], 

for h G H and [V] = ^[V^.] G R{Z). Because H is a central subgroup, 
it acts on C[Z] Z by the rule (h ■ f)(z) = f{h~ l z), for h G H, z G Z, 
f G C[Z] Z . With these actions, the character map from R(Z) to C[Z] Z 
is iJ-equivariant. Recall that maximal ideals of R(Z) are of the form 
where ^ is a semisimple conjugacy class in Z. The iJ-equivariance 
of the character map implies that if h G H, then 

h ■ = rrife^. 

In particular, 

h^m-h = mi, 

the augmentation ideal of R(Z). 

More generally, let X be an algebraic space with a Z-action, such 
that H acts trivially on X. In this case, if £ is any Z-equivariant 
coherent sheaf on X, and \ a character of H, let S x be the subsheaf of 
8 whose sections (on any etale open set U) are given by 

£ X {U) = {s G £{U) | h-s = X (h)s}. 

Then £ = ® x £ x is a decomposition of £ into a direct sum of if- 
eigensheaves for £. We define an action of H on G (Z,X) by 

If X is a point, this reduces to the previous definition of the action 
of H on R(Z). Thus, the actions of H on R(Z) and on Gq(Z,X) are 
compatible: if r G R(Z), a G G (Z,X), then h ■ (ra) = (h ■ r)(h ■ a). 
If Z acts on X with finite stabilizers, then we can identify G (Z,X) = 
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Q)Go(Z, X) m ^, where the sum is over finitely many conjugacy classes 
The compatibility of the actions implies that 

(19) h- 1 G (Z,X) 1tth = G {Z,X) m . 

We refer to the action of H on Go(Z, X) as twisting. If a G Gq(Z, X), 
we will often write a(h) for h~ l ■ a and refer to this map as twisting by 
h. 

6.3. Twisting and the global stabilizer. We now define a central 
twist. Let \1/ = Cc(h) be a semisimple conjugacy class and let Z = 
Z G {K) and let H be the cyclic subgroup of Z generated by h. Since 
h is central in Z, there is an action of H on Gq(Z, X h ). The map 
& h : G x X h — > Sy, {g,x) h-> (ghg~ l ,gx) identifies S"^ with G x z X. 
Thus by Morita equivalence there is an action of H on Gq(G, S^). 
We define a twisting map 

Gq^G, S-$i) — ► Gq^G, (Svp) 
a — > a(c,j,) 

to be the map induced by Morita equivalence corresponding to the 
endomorphism of G (Z, X h ) given by twisting by h. We will call this 
map the central twist. 

Lemma 6.5. With notation as above, the map a i— > a(c$) is inde- 
pendent of the choice of h G \I/ . Moreover, if a G G (G, S^,) c ^, then 
a(c*) G Go(C, S^,) mi . For arbitrary [3 G Go^, S*) ; i/ie component of 
f3(cy) in G {G,S<i,) mi equals f3 CxB (cy). 

Proof. Suppose that /ii and /12 = kh\k~ l are two elements of let 
= Z G (hi). Then fcX hl = X h2 and kZik' 1 = Z 2 . We have inclusions 
fi : X^ 4 — > 5** given by = (/ij, 2) for 2 G The equivalence of 
categories between coh<^ and coh.^ h . takes a C7-equivariant coherent 
sheaf T on 5*^ to the sheaf f*T on X hi (since fi is Z r equivariant, the 
pullback f*T has a natural structure of Zj-equivariant sheaf). Now, 
k* induces an equivalence of categories between coh^ 2 and coh^, 
and moreover k*f% = /*. Therefore, to show the independence of the 
twisting map, it suffices to show that a ^-equivariant sheaf £ on X h2 
is an /i2-eigensheaf with eigenvalue x if an d only if the pullback sheaf 
k*£ on X hl is an /^-eigensheaf with eigenvalue \. This holds because if 
U 2 — > X 2 is any etale open set, and U\ = k*Ui, then {k*£){Ui) = £(U 2 ), 
and the automorphism of (k*£)(Ui) coming from hi coincides with the 
automorphism of £{U 2 ) induced by h 2 . 

Next, if a G Go(G, S^) c ^, then under the Morita equivalence iso- 
morphism, a corresponds to an element in Gq(Z, X h ) mh . By defini- 
tion of the central twist and (|T9"j). a(c^) corresponds to an element 
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of Gq(Z, X h ) m . By Proposition I3.8| the Morita equivalence isomor- 
phism identifies G (Z, X h ) m with G(G (G, S^) m . Hence a(c^) G 
Gq(G, S^) m . 

Finally, if (3 is an arbitrary element of G (G, S^,), then under the 
Morita equivalence isomorphism the elements /3(c$) and /3 C¥ (c^) cor- 
respond to elements of G (Z,X h ) whose components at mi are equal, 
so the result follows. □ 

Now assume that G acts properly on X. Then it also acts properly on 
S%, since the map /: S# — > X is finite. By Lemma [6.21 there is a map 
in X-theory (the map of taking G-invariants) G (G, Sy) — ► G (5$/G), 
a i — ► a G . 

Lemma 6.6. If a E G (G, S 1 *), then a G = (a(c^)) G . 

Proo/. Let and Z = Za(h). Since the map $ ft : G x X fe -> is 

a Z-torsor, the quotients X h /Z and S^/G are both identified with the 
quotient M=(Gx A^)/(G x Z). We have a map G(Z,X h ) -> G(M) 
(the map of taking Z-invariants) and a map G(G, 5$) — > G(M) (the 
map of taking G-invariants). By Morita equivalence, both G(Z, 
and G(G, Sq,) are isomorphic to G(G x Z,G x X h ) and under these 
isomorphisms, both maps coincide with the map G(G x Z,G x X ft ) — > 
G(M) (the map of taking G x Z-invariants). 

In view of the definition of the central twist, it suffices to prove that 
if a G Go(Z,X h ) then a z = (a(h)) z . For this we may assume that 
a = [£], where £ is a Z-equivariant coherent sheaf on X h . As above, 
write £ = ®£ x . Note that [£ x ] z = unless x is the trivial character; 
so, denoting the trivial character by 1, we have a z = J2l^x] Z = t^i] Z 
and (a(h)) z = ^x(^) _1 ^xF = [^i] Z > completing the proof. □ 

6.4. Riemann-Roch for quotients: statement and proof. If X 

is a G-space let CH G (X) = ®iCH G (X) <g> C where CH G {X) denotes 
the "codimension" i equivariant Chow groups of X as in |EG2| p. 569]. 
Recall |KG1| Theorem 3] that if G acts properly on X, with quotient 
X/G, then there is an isomorphism (j% : CH* G {X) -> CH*{X/G), 
where CH*(X/G) = ®iCH*{X/G) ® C. The map is defined as fol- 
lows: Because G acts with finite stabilizers CH G (X) is generated by 
fundamental classes of G-invariant cycles. If V is a closed G-invariant 
subspace let [V/G] be the image of V under the quotient map. Then 
^xdXD = ^W/G] where ey is the order of the stabilizer of a general 
point of V. 

If G and X are understood, we may write simply or <px for <p%. 
If Y is an algebraic space let t y : G (Y) — > CH*(Y) be the Todd 
isomorphism of |Ful[ Theorem 18.3] (as extended to algebraic spaces). 
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Likewise if X is a G-spac e let r f : G (G,X) -> Tl™ CH l G (X) be the 
equivariant Todd map of |KG2| . When G acts with finite stabilizers, 
CH G (X) = for i > dimX so the target of the equivariant Todd 
map is CH G (X) (cf. [EG2, Cor 5.1]). Note that rf is an isomor- 
phism only when G acts freely. However, it factors through an isomor- 
phism G^{G~X) -> U?1 CH G (X) where G^c Qc) i s the completion of 
G (G,X) at the augmentation ideal of R(G) {KG2| Theorem 4.1]. 

Theorem 6.7. Let G be an algebraic group acting properly on a smooth 
algebraic space X, and let Y = X/G be the quotient. Fix a conjugacy 
class $ inG and let be the corresponding part of the global stabilizer, 
so we have a G-equivariant map f : — > X and an induced map 
g : Sqj I G — > Y on the quotients. Let a G Gq(G,X) and let aaa denote 
the part of a in Gq(G, X) m ^ . Then 



This theorem can be stated in the following equivalent form, which 
can be more convenient in applications. 

Theorem 6.8. Keep the notation and hypotheses of the previous the- 
orem, and in addition, fix h G \I/ , let Z = Zc(h), and let i : X h — > X 
denote the closed embedding. Identify X h /Z with Sq,/G. Let a\z de- 
note the image of a under the natural map of G-equivariant K -theory 
to Z -equivariant K -theory. Then 



r y (K) G ) = g. o d> z xh o r z h (X-^N:)- 1 n \-i(Q*/f) n t\a\ z ){h)) . 



Remark 6.9. Note that we do not need to compute ay to apply the 
formulas of Theorems 16.71 and 16.81 However, the answer would be the 
same if on the right side of these formulas we replaced a with a^. The 
reason is that the part of the formula corresponding to ay for any 
^ \I/ vanishes. Also, since the invariant map is linear, Ty(a G ) = 
r y(( a f ) can be computed using the formulas of Theorems 16 . 71 and 



Remark 6.10. If X (and hence also X h ) is a smooth scheme, then 
K (G,X) = Gq(G,X) and the equivariant r maps can be calculated 
using the equivariant Chern character map, and the equivariant Todd 
class of the tangent bundle. If if G K (Z, X h ) then using the formulas 



(20) 



r y ((a*) G ) 



^o^°/.((A-iW)- l n/*a)(o»)) 
9* o <Pg o r G ((A^iV;)- 1 n /*a)(c*)) . 



(21) 



EH 



of Theorem 3.3 |EH2] 



(22) 



T xh ((3)=ch z (f3)r z ([O xh ]) 
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If in addition, Z is connected or X has a Z-linearized ample line 
bundle then 



where Td z is the equivariant Todd class of |EG2t Definition 3.1]. This 
follows from jEG21 Theorem 3.1(d)] and the following observation about 
the definition of the equivariant Riemann-Roch map of |EG2| : If a 
group G acts freely on a smooth space X with quotient X — > X/ G then, 
identifying CH* G (X) with CH*(X/G), we have t g (O x ) = r{O x/G ) 
When X/G (and thus X) is a smooth scheme then t(Ox) = Tc1(Tx/g)- 
In this case t g (O x ) = Td G (vr*T x/G ). By Lemma O T v = X x g. 
Therefore, Td G (7r*T x/G ) = Td G (T x )/ Td G ( ). 

Proof. It suffices to prove Theorem 16 .7| since this implies Theorem 16.81 
using the Morita equivalence isomorphism Go(G, S*) ~ Gq(Z, X h ). We 
also need only prove the second formula in Equation ([20)1: this implies 
the first formula because the maps r and (f) are covariant for finite 
morphisms. 

The proof of Theorem 16.71 is almost the same as the proof in the 
case where G is diagonalizable, given in |EG3l Theorem 3.1]. The 
nonabelian localization theorem replaces the localization theorem for 
actions of diagonalizable groups used in |EG3| . We give the general 
proof here, referring to |EG3| for some omitted details. Throughout 
the proof we write 4>m for where G acts properly on M. We write 
S for S^j. 

The proof proceeds in three steps. First, we observe that the theorem 
is true if the action of G on X is free (and that in this case, it holds 
without the assumption that X is smooth). In this case, if *Sf ^ {1}, 
then S is empty and ay = 0, so both sides of (|2U|) vanish. If \P = {1}, 
then / : S — >• X is an isomorphism, and the theorem amounts to the 
assertion that 



which follows from [EG2, Theorem 3.1(e)]. 

Second, we prove the theorem for \& = {1}. In this case / : S —>■ X 
is an isomorphism, and the theorem amounts to the assertion that 



Since r maps components of X-theory supported at maximal ideals 
other than mi to zero (this is proved as in |EG3t Proposition 2.6]), 
on the right side of this equation we can replace a by «i. By [EG1, 
Proposition 10] there exists a finite surjective morphism p : X' — > X of 



r z (O xh ) 



Td z (T x .) 
Td z ( 3 ) 



T Y (a G ) =0 x or|(a), 



T Y ((a 1 ) G ) = x oT G {a). 
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G-spaces such that G acts freely on X' and then induced map of quo- 
tients q: X' —>■ X is also finite and surjective. (Note that X' need not 
be smooth.) By |EG3| Lemma 3.5] (which holds without the diagonal- 
izability assumption on G), the map : G (G, X') mi — > G (G, X) m is 
surjective. Therefore there exists (3\ G Go(G,X') m such that = 
a\. There is a geometric quotient X' — > F' such that the induced 
map q : Y' — > F is also finite. By Lemma 16.41 taking invariants com- 
mutes with pushforward by a finite morphism, so <?*((/3i) G ) = («i) G - 
Therefore, 

ry(( ai ) G ) = Mq*mf) = q,r Y ,((^f). 

By the first step of the proof, this equals g* o <fi x , o r G ,(/3i). Since 
<?* ° 4>x> = 4>x ° P*, we have 

q*°<f>x' °Tx>{Pi) = <f>x°P*°i~x,{Pi) = (j>x°Tx °P*(Pi) =(f)x°Tx(a 1 ), 
as desired. 

Third, we prove the theorem for general \E r . Let (3 = \-\(Nj-)~ 1 r\f*a. 
We need to prove that 

) = 9*°^° 7-5 (/?(c*)). 

By Lemma 1631 the components of /3(c$) and /3 c ^(c$) supported at 
mi G i?(G) are equal, so arguing as in Step 2, we see that Tg(^(c^)) = 
r F(/^c*( c *))- But /3 Ce (c*) is in G (S, G) m . Therefore we can apply the 
second step of the proof to /3 c *(c#). Thus, 

ty(o$) = r Y o ((f*({3 CiB )) G ) localization 

= t 5/g(/5^,) finite-pushforward commutes with invariants 

= 9* °ts/g{{Pc 9 M) G ) LemmaESl 
= 9*°<Ps° M) Step 2 

= 9* ° 05 rf (flM). 
This completes the proof. □ 

7. Appendix 

This appendix contains a result about the tangent bundle to a torsor 
which is difficult to find rigorously proved in the literature. 

t 

Lemma 7.1. Let X — > F &e a (7ejfty G -torsor. Then Tf is canonically 
isomorphic to the G-bundle X xg where the G-action on the Lie algebra 
q is the adjoint action. 
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Proof. By definition Tf is the normal bundle to the diagonal morphism 

Ay 

I4Ix y X. Since / is a G-torsor the diagram 

GxX ^ X 
(23) 7T I f | 

X ^ Y 

is a cartesian, where a : G x X — > X is the action map and 7r : G x X — > 
X is projection. If G acts on G x X by conjugation on the first factor 
and the usual action on the second factor then all morphisms in (|23p 
are G-invariant. Thus there is a canonical identification of G-spaces 
XxyX^GxX. Under this identification the diagonal corresponds 

to the section X < - ec iii x - ) GxX. This map is obtained by base change 
from the G-equivariant inclusion ec — > G (where G acts on itself by 
conjugation) whose normal bundle is g. Therefore, Tf = X x g. □ 

Remark 7.2. Suppose X C G is a closed normal subgroup with Lie 

algebra n C g. Normality of X implies that if X — > K is an X-torsor 
then there is a natural left G-action on Y such that / is G-equivariant. 
Essentially the same argument as above implies that Tf is naturally 
isomorphic to n <S> Ox where the G-action on n is the restriction of the 
adjoint action to the ad-invariant subalgebra n C g. 
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